Spherically symmetric static topological black hole solutions associated with some extended higher order gravitational models in the presence of a Maxwell-field are derived by means of simple Lagrangian method, based on spherically symmetric reduction. Some new topological black hole solutions are presented and the validity of the First Law is investigated, and in these cases an expression for the energy is provided.
gravitational theories have been investigated in several papers. Typically, modified models admit de Sitter space as a solution, but the issue to find exact SSS metrics different from the Schwarzschild-dS one appears to be a formidable task since, already for very reasonable models, the ensuing equations of motion are much more complicated than the corresponding ones for GR. For that reason the number of exact non-trivial static black hole solutions known so far in modified theories of gravity is extremely small (see Refs. [13] [14] [15] [16] [17] [18] [19] ). Furthermore, these black hole solutions are not expected to share the same laws of their Einsteinian counterparts. In parallel with ordinary BH solutions, among the physical quantities one should assign to these modified gravity black holes are a mass, horizon entropy, temperature, and so on. In particular, the issue of associating an energy (mass) to these black hole solutions is quite problematic (see Ref. [20] ; in M. Visser's terminology, most of the BH solutions in modified gravity theories are in fact "dirty black holes"), and the modern terminology usually refers to them as Lifshitz BH solutions.
Several attempts addressed to find a satisfactory answer to the mass problem have appeared (see, for instance, Refs. [21] [22] [23] , and references therein), but the definition of a sensible mass parameter is still a much debated question. In Ref. [24] , for a particular class of BH solutions, an identification for the BH energy has been proposed, as a quantity proportional to the unique constant of integration which appears in the explicit solutions of F (R)-modified gravity models in vacuum. This identification was achieved by making use of a derivation of the First Law of black hole thermodynamics from the equations of motion of F (R)-gravity, by independently evaluating the entropy, via the Wald method [25] , and the Hawking temperature [26] , via quantum mechanical methods in curved space-times. Some explicit examples along these lines have already been discussed in Ref. [24] .
Here we go further into this analysis by considering a particular class of (topological) SSS solutions in presence of Maxwell field [32] , and this inclusion is investigated in F (R)-gravity and in Weyl conformal gravity models. With regard to this issue, we note that the Maxwell action and equations read, respectively,
where j, j, k, ... run from 0 to 3, g is the determinant of the metric tensor g ij , M the space-time manifold, ∇ i is the covariant derivative operator associated with g ij and F ij the electromagnetic field strength. We will look for static, (pseudo)-spherically symmetric solutions (SSS) with various horizon topologies, thus the generic metric reads ds 2 = −e 2α(r) B(r)dt 2 + dr 2 B(r) + r 2 dσ 2 k , dσ
where α(r) and B(r) are functions of r only. This form of the metric is chosen in order to deal with static spherically symmetric BH solutions. We recall that one has a BH solution if there exists a simple positive zero of B(r H ) = 0, with 2α(rH ) being finite and non vanishing. Dirty or Lifshitz BH solutions correspond to 2α(rH ) = 1. Where not necessary, the argument of all these functions will be dropped. Furthermore, one has a topological BH if the "horizon" manifold with metric dσ 2 k is a sphere S 2 , a torus T 2 , or a compact hyperbolic manifold Y 2 , according to whether k = 1, 0, −1, respectively.
Due to the spherical symmetry, it is easy to show that the non vanishing components of the electromagnetic field are
Q being the electric charge. As a result, within the SSS Ansatz, the Maxwell action simplifies to
where V k is the volume of the "horizon" manifold, namely V 1 = 4π (the sphere), V 0 = |ℑ τ |, with τ the Teichmüller parameter for the torus, and finally V −1 = 4πg, g > 2, for the compact hyperbolic manifold with genus g (see, for example [27] ).
The paper is organized as follows. In Sect. II we obtain SSS solution in topological Maxwell-F (R)-gravity. In Sect. III we extend to the electro-vacuum case the Weyl gravity topological SSS solutions of Refs. [28] [29] [30] to observe that, also in this case, the solutions admit three free integration constants. In Sect. IV we discuss the existence conditions of BH event horizons. Sect. V is devoted to the evaluation of Wald's entropy in the well-know case of F (R)-gravity and in the non trivial case of Weyl gravity. In this Section we also present a simple proof that the conformal invariance of Wald's entropy for conformally invariant gravity models. In Sect. VI, the topological version of the First Law of BH thermodynamics for F (R)-gravity is presented, and a discussion regarding Weyl's conformal gravity is given. Conclusions are provided in Sect. VII. Finally, in the Appendix, a simple proof of the conformal invariance of the Killing static spherically symmetric BH temperature is presented. Throughout the paper we use units of k B = c = = 1 and denote the gravitational constant
GeV the Planck mass. Furthermore, we will also put 2κ 2 = 1, for simplicity.
II. TOPOLOGICAL SSS SOLUTIONS IN MAXWELL-F(R)GRAVITY
The Maxwell-F(R)gravity model is described by the action I = I R + I EM , where the action for modified F (R)-theories reads
(as advanced, we are useing units in which 2κ 2 = 1). F (R) is an arbitrary smooth function of the Ricci scalar R which, using the metric in (2), assumes the form
where here and in the following the prime ′ represents derivation with respect to the r variable. The equations of motion for the action in (5) read
Of course, only two of the latter field equations are independent since the metric depends on two arbitrary functions α(r) and B(r), only. One has
where, for the sake of simplicity, we have set
and so on .
In principle, given the function F (R), the above equations permit to derive both α(r) and B(r), that is, the explicit form of the metric. Alternatively, fixing the form of α(r) one derives B(r) and, as a consequence, the values of F and R as functions of r evaluated on the solution. From such expressions one can "try to reconstruct" the form of F as a function of R. In general, the Lagrangian F (R) one eventually finds is not unique, since one has to infer its form starting from the value it assumes on the solutions. For example, all Lagrangians of the form F (R) = Rf (R) with lim R→0 Rf (R) = 0 have the Schwarzschild solution.
A comment is here in order. It has to be stressed that the general solutions of (8) and (9) are in fact physically acceptable only for some values of the parameters. In the following, even if not specified, it is always understood that all free parameters have been restricted to values which give rise to physical solutions.
Just to see how the reconstruction procedure works, we first take the derivative of equation (8) with respect to r, thus obtaining
where, in order to simplify the result, we have also used Eqs. (6) and (9) . The usefulness of the latter equation is due to the fact that it only depends on f which, in principle, can be derived from (9), once α(r) is fixed.
Here we shall consider two important cases, that is, α(r) =constant and α(r) ∼ log(r z ) (of Lifshitz type, but in this case we will work with Q = 0). In the first case the metric reads
and equations (6)- (10) notably simplify. In particular, from (9) it follows that
Putting this result into (10) and integrating, one gets
c 0 , c 1 , c 2 being arbitrary integration constants. The last expression is the more general form which the B(r) function can assume if the metric (11) is a solution of a generic F (R) theory with electromagnetic minimal coupling. We see that it depends, at most, on four independent parameters (a, b, c 0 , c 2 ). The corresponding scalar curvatures are given by
Now, in some cases we are able to "infer" the function F (R) which generates the solutions in (13) . In the first case (a = 0, b = 0), using (13), (14) and (8) one may recover GR
where we have set c 2 → −Λ/3 and b → 1. This is the topological Reisnner-Nordstrom solution with non vanishing cosmological constant. We stress that the latter equation represents the value of F (R) evaluated on the solution. Of course, there are infinitely many functions F (R) which reduce (on shell) to F (R) = 2Λ for R = 4Λ and, in general, they do not give the correct solution.
In the second case here considered, that is a = 0, b = 0, we have
where a, c 1 , c 2 are arbitrary constants. In the special cases Q = 0 or k = 0, namely in the absence on electromagnetism or in the flat case, we are able to get r as a function of R.
The latter function satisfies the condition (12) and so we can try to use it in order to build up the action. One can directly verify, using (7), that the action
has a vacuum solution of the form (11), with
In a similar way, if k = 0 we have, with a < 0,
The latter function satisfies (12) and a direct computation using (7) shows that the corresponding action
gives the required solution
In the third case here considered, that is a = 0, b = 0, the method does not work owing to the presence of logarithmic terms which prevent the explicit reconstruction of the Lagrangian F (R), which formally reads
However, if we choose c 0 = 0 then the logarithm disappears from all equations and we get
These equations can be easily solved to get
This is a topological charged generalization of the result found in Ref. [19] . Also in this case one can directly verify that the field equations in (7) are satisfied.
Lifshitz like solutions
Now we are going to consider the second case, that is α(r) ∼ log(r z ), z being an (in principle) arbitrary parameter. With this special but important choice, Eq. (9) can be explicitly solved, to get
a, b being arbitrary integration constants. In the absence of an electric charge, that is Q = 0, and choosing b = 0 (or a = 0) also the Eq. (10) can be explicitly solved, obtaining in this way a complicated expression for B(r), valid for any z. It depends on two arbitrary integration constants, say c 1,2 , and for z = 1 it has the form
γ 0 , γ ± being given function of z, which read
The corresponding metric can be considered as a generalization of the one of Clifton-Barrow (see below). In the special case z = 1, a logarithmic term is also present. For example, for the following choices of the parameters, we get
The function F (R) for the two examples with z = 1 has not been explicitly written in terms of the Ricci scalar, because it is a quite complicated expression which we do not will use in what follows, while in the example (4) we have also set c 2 = 0 (or k = 0), in order to satisfy Eq. (9). We observe that example (5) and the first part of example (4) are particular cases of the Clifton-Barrow metric, corresponding to δ = 1/2 and δ = 1/4, respectively. In the previous section we have seen that a given metric can be the solution of different actions. In the same way, a given action can give rise to different SSS-metrics. For example, F (R) ∼ R 3/2 has the Schwarzschild solution, but also the solutions in the examples (4) and (5) above.
Topological Clifton-Barrow solutions
Here we present the topological generalization (without charge) of the Clifton-Barrow solution [13] , which is a SSS metric of the form considered in the previous section, with
C being an integration constant and δ = 1 an arbitrary parameter. The Ricci scalar reads
and, for δ = −1, on the solution we obtain
One can directly verify that (36) are solutions of the field equations corresponding to the Clifton-Barrow Lagrangian (38) . The Clifton-Barrow metric is a particular case of the one considered in the previous section, Eq. (26), with one of the two constants (c 1 or c 2 ) dropped off and, in fact, it can be obtained using the method described above.
III. CHARGED TOPOLOGICAL SSS SOLUTIONS IN WEYL CONFORMAL GRAVITY
In this Section we generalize the higher gravity black hole solution of Riegert [28, 29] and its topological version [30] in the Weyl model including the charge. We also present general solutions of pure Weyl gravity derived with the method of conformal transformations.
To start, we write down the conformal invariant action of the model, in the form
where the gravitational part is given by Weyl's conformal gravity
where w is a dimensionless parameter, usually restricted to the values w > 0, and C 2 = C ijrs C ijrs is the square of the Weyl tensor C ijrs . It is a scalar quantity which, in 4−dimensions, is given by
The conformal gravity model has a very interesting future domain and its phenomenology has been investigated in Ref. [31] . Again, we look for SSS solutions of the form in (2) . With this choice, one has C 2 = A(r) 2 /3r 4 , where
The total action reads now
We are dealing with a higher-order Lagrangian system, because the Lagrangian depends on the first and second derivatives of the unknown functions α(r) and B(r). The corresponding equations of motion (after simplification) read
In order to find explicit solutions, we proceed as in the previous section, first considering the case α(r) =constant. With this choice, one immediately gets
and Eqs. (42) and (44) give the solution
c 0 , b 1 , c 2 being arbitrary integration constants. The metric here obtained is the generalization to the charged topological case of the black hole Riegert solution [28, 30] . The case b 1 = 0 has to be treated separately, because the limit in (46) is singular. In this case, we have
c 1 , c 2 being arbitrary integration constants. By conveniently choosing the integration constants of the Riegert solution one obtains the Schwarzschild, Schwarzschild-de Sitter(AdS) or the de Sitter metric, correspondingly. In principle, one can try to find other solutions by solving the equations for a non constant α(r), but they are really complicated and so it is convenient to proceed in a different way, by using the fact that the Weyl-Maxwell action is conformally invariant. This implies that, if ds 2 is a solution of the field equations, then also ds 2 = Ω 2 (x k )ds 2 is a solution, Ω being an arbitrary (smooth) function of the coordinates. In particular, starting from a SSS solution of the form (2) and choosing Ω = Ω(r) > 0 to depend on the radial coordinate only, one obtains again a static and spherically symmetric solution, which can be set in the form (2) , with the change of radial variabler = r Ω(r). In fact,
and this assumes the form
where, for simplicity, we have re-stated the original variable r by rΩ(r) → r, Ω(r) → r/Ξ(r) and
In this way we have obtained a class of SSS solutions for the action (40) in the form (2), specified by the functions α(r), B(r). Any solution in this class is related to the original one by means of an arbitrary, positive (smooth) function Ξ(r). As one can immediately see, Ξ(r) = r corresponds to the unitary transformation Ω(r) = 1. On the contrary, starting from Riegert's solution (46) and choosing an arbitrary Ξ(r) = r one obtains a class of solutions with α(r) = 0 given by means of the equation
from which we see that, for fixedα(r), one can in principle derive the function Ξ(r) which provides the desired transformation.
Riegert-Lifshitz solutions
This is a class of solutions similar to the ones obtained for the F (R) case, but starting from that of Riegert, performing a conformal transformation as described in the previous section, and imposingα(r) to be of the formα
where γ is a dimensional constant and z an arbitrary parameter. From (51), we immediately get
q being an integration constant. In the first case (z = 1) forB(r) we easily obtaiñ
while, in the second case (z = 1) and for simplicity choosing q = 0, forB(r) we get
IV. BLACK HOLE SOLUTIONS AND EVENT HORIZONS
The SSS metric may actually describe a black hole. We recall that an event horizon exists as soon as there exists a positive solution r H of
The second condition describes a non extremal BH.
For example, in the well known case of constant curvature, namely (15) with Q = 0 and k = 0 or k = −1, the conditions (55) are satisfied if both c 1 and the cosmological constant Λ are negative (AdS); on the contrary, if k = 1, one has a black hole solution whatever the sign of Λ if c 1 < 0 again. A further restriction may be B ′ (r H ) > 0, namely the Killing surface gravity at the horizon to be positive. For the topological Clifton-Barrow solution (36), one explicitly finds
which is positive if C/k > 0. In order to have a black hole, one has also to impose (1 − 2δ + 4δ)/(1 − δ) > 0. Finally, in the case of the charged topological Riegert solution (46), requiring positive surface gravity one has In the following we shall assume to deal with (topological) SSS black hole solutions satisfying conditions (55), with the additional requirement B ′ (r H ) > 0.
V. THE WALD ENTROPY
With regard to the evaluation of the entropy associated with a black holes solution, there exists a general method due to Wald [25] , see also [20, 33] . The explicit calculation of the black hole entropy S W is provided by the formula
e ij e rs h 2 dρ dφ .
Here √ h 2 dρ dφ = dV k represents the induced volume form on the bifurcate surface r = r H , t = const, while L = L(g ij , R ijrs , ∇ k R ijrs , ...) is the Lagrangian density of an arbitrary theory of gravity. The antisymmetric variable e ij is the binormal vector to the (bifurcate) horizon. It is normalized so that e ij e ij = −2 and, if the metric has the form in (2), turns out to be
δ i j being the Kronecker symbol. As a consequence, one has
H being the area of the horizon. Note that the expression in (60) is valid only because we are considering an SSS metric of the form (2). Furthermore, the variation of the Lagrangian density in (58) and (60) has to be performed by considering R ijrs and g ij as independent quantities. As an example,
For F (R)-modified gravity the Lagrangian density has the form L = F (R) + L EM and, since the electromagnetic Lagrangian does not depend on the Riemann tensor, one immediately obtains
For pure Einstein gravity α = 0, f (r H ) = 1 and one recovers the well known Area Law.
A. Wald's entropy for conformally invariant gravity models
In general the Wald entropy is not invariant with respect to conformal transformations, but when the action is conformally invariant, then also the entropy does not change. This can be easily seen by recalling that, under a conformal transformation as in (48), one has
where U is a function which does not depend on the Riemann tensor. If the action is invariant, both metrics g ij andg ij are black hole solutions and thus, for the metric in (2), we get
δR 0101 δR 0101 r=rH dρ dφ
As it is well known, also the Killing surface gravity is a conformally invariant quantity and this means that, for example, all black holes described in Sect. (III) have the same entropy and surface gravity.
As an example, let us consider Weyl's conformal gravity. From (40), one has L = 3wC 2 + L EM . Making use of (41) and (60), we get
In the particular case of Riegert's solution (46), the latter equation simplifies to
VI. FIRST LAW FOR BLACK HOLE SOLUTIONS
In Ref. [24] an expression for the uncharged BH energy in a class of F (R) modified gravities has been proposed and identified with a quantity proportional to the unique constant of integration, which appears in the explicit solutions. The identification is achieved by making use of the derivation of the First Law of black hole thermodynamics from the equations of motion of F (R)-gravity, evaluating independently the entropy via Wald's method and the Hawking temperature [26] via quantum mechanical methods in curved spacetimes. In this section we will briefly revisit the case of F (R)-gravity by discussing the results of Ref. [24] to the topological Maxwell solutions. In the following, for the sake of simplicity we shall assume the charge Q as being a given quantity and not subject to thermodynamical variations. This, of course, is a restriction, implying that in the First Law the thermodynamical potential associated with the variation of the charge will be absent.
From the equation of motion (8) of F (R)-gravity evaluated on the event horizon (namely B(r H ) = 0) and recalling the expression (62) for the Wald entropy, we easily get
It is well known [26] that all black holes have a characteristic temperature T K related to the existence of an event horizon and, with the associated entropy, they have thermodynamical properties. For the static black hole described by the metric in (2), the Killing-Hawking temperature is proportional to the Killing surface gravity and has the explicit form
This is a conformally invariant quantity (see for example [35, 36] . This make sense if the conformally related metric is a black hole solution with event horizon at r = r H , and with regard to this issue a simple proof of conformal invariance of the BH temperature is presented in the Appendix. The above relation between surface gravity and BH temperature is a very robust and well known result (see for example [34] ). The expression (69) has been derived in several different ways, like the original Hawking derivation, by eliminating the conical singularity in the corresponding Euclidean metric or either by making use of tunneling methods recently introduced in Refs. [37, 38] and discussed in details in several papers. As in general relativity, the temperature appears in a natural way in (68). Furthermore, if the entropy depends only on r H , as it happens in a large class of F (R) theories, Eq. (68) can be used to derive the First Law of black holes thermodynamics and employed to define a specific BH energy [24] . Thus, we may write
where V is the volume of the black hole and p may be interpreted as the work term associated with the electromagnetic field. If the differential of the function in (70) is interpreted as variation due to an infinitesimal change of the size r H of the black hole, one may write
We recall that this is valid only if r H depends on a unique variable parameter, which will be proportional to the mass of the black hole. If r H and, as a consequence, also the entropy depend on other variables, then other thermodynamics potentials will appear and the expression for the energy cannot be computed by means of the above expression.
In what follows we shall apply these considerations to some exact solutions of F (R)-gravity. We will see that, in some interesting cases, Eq. (72) allows to identify the energy of the black hole with a suitable integration (mass) constant which appears in the explicit solution.
As we have seen in (13) , the function B(r) in general depends on three or four parameters, but in some cases some of them explicitly appear in the "reconstructed" Lagrangian and thus we can assume them to be a fixed constant of the model. Only the remaining parameters (the integrating constant of the solution), have to be varied in order to obtain thermodynamical equations. If only one free parameter survives, then the corresponding variation can be related to the energy via the first law of black holes, as explained above.
Let us pause to summarize these noticeable results. In Eq. (70) we have extended the validity of the Killing/Hawking temperature T K , which expression is derived in general relativity by using quantum mechanics, to topological Maxwell-F (R)-gravity. We stress that the Killing/Hawking temperature is well defined by the metric. In this way, we identify the black hole energy making use of the derivation of the first law of black hole thermodynamics from the equations of motion, by evaluating the related black hole entropy via Wald's method, and the Killing/Hawking temperature as the semiclassical result stemming from Hawking's radiation, as in the case of general relativity.
A. Black hole Energy in Maxwell-Weyl conformal gravity
We have seen in Sect. III that the Lagrangian of Einstein-Weyl's gravity contains only a dimensionless parameter w, while the solution B(r) depends on three arbitrary integration constants c 0 , b 1 , c 2 . In this case the r H coordinate of the black hole horizon will depend on several integration constants. In Ref. [24] , a particular case with c 0 and c 2 held fixed has been considered.
In the general case, when asymptotically the solution is anti de Sitter, the energy of the BH may be defined by means of the Euclidean action and the First Law of black holes thermodynamics holds with additional thermodynamical potentials (see Ref. [40] for more details). With regard to this issue, let us imagine we are dealing with a BH solution, with r H = r H (c n ) being the larger positive solution of B(r H ) = 0, and c n constants of integration. Then, one has
where the c n are all independent and B ′ (r H ) is the partial derivative with respect to r evaluated on the horizon. Recall that T K and S W are computable, for example, from (67)
Thus, we get
In the particular case when c 0 and c 2 are held fixed, one recovers the result of reference [24] , namely
In the general case, all the constants of integration are true thermodynamic variables and, when it is possible, one has to make use of Euclidean methods in order to identify the energy. Then the First Law is shown to held true but with additional thermodynamic potentials, as explained in Ref. [40] .
VII. CONCLUSIONS
In this paper, we have considered several example of extended models of gravity coupled with the electromagnetic field and we have studied charged topological static spherical black hole solutions, extending previous works. New black hole solutions have been presented. For modified F (R) gravity, we have investigated the First Law of BH thermodynamics, and for a important class of topologically charged black hole solutions, and assuming the charge of the black hole as a given fixed quantity, we have obtained an F (R) BH energy formula. In the particular case of general relativity, our expression for the BH energy has been shown to be equivalent to a relation which defines the irreducible mass introduced by Christodoulou and Ruffini.
We have also considered the Maxell-Conformal gravity model. As we have shown in Sect. V, the entropy is conformally invariant for Maxwell-Weyl's gravity and, since the temperature is conformally invariant too (see the Appendix), we have
where the quantities on the right-hand side refer to the solution obtained by a conformal transformation of the kind considered in III. This means that, for example, all thermodynamical quantities related to the Riegert-Lifshitz solutions considered in Sect. III can be computed directly by using the general formulas or, more easily, by replacing c n withc n coefficients by means of the relations in (54).
As a final remark, it is reasonable to check now in detail if the several examples of modified gravity models we have discussed in this paper do represent in fact feasible or viable models. For example, in the F (R) class, one should have [41] ∂F (R)
for R > R 0 , R 0 being the current Ricci scalar curvature. In the case of the Clifton solution, these inequalities are satisfied as soon as δ is positive and small. The same check may be also performed for the other classes of F (R) models.
